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ON THE SEMIGROUP OF ARTIN’S L-FUNCTIONS 
HOLOMORPHIC AT s 0 . II 

FLORIN NICOLAE 


Abstract. Let K/Q be a finite Galois extension, and let so 7^ 1 be a complex 
number. We present two new criteria for the Artin L-functions to be holomor- 
phic at so- 
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Let K/Q be a finite Galois extension with the Galois group G, Xi> ■ • • > Xr the 
irreducible characters of G, dj = Xj{ 1) the dimension of Xji j = 1 , - ■ -, t, fi = 
L(s, Xi, K/Q),... ,f r = L(s, Xn K/Q) the corresponding Artin L-functions, Ar := 
{ft ■■■ft I *1 > 0 > 0} the multiplicative semigroup of all Artin L- 
functions. Artin proved (Q, Satz 5, P. 106) that are multiplicatively 

independent, that is, a relation 

ft ■ ■■■■ ft = 1, 

where ki,...,k r are integers, implies k\ = ... = k r = 0. This implies that Ar 
is a free semigroup on the generators f\,, f r . For f,g£ Ar we write / | g if 
there exists h £ Ar such that g = fh. For s 0 € C, sq 7 1> l e t HoI(sq) be the 
subsemigroup of Ar consisting of the L-functions which are holomorphic at Sq. 
Artin has conjectured (|l]]) that every L-function is holomophic at so; that is 

Hol(so) = Ar. 

I have proved in [^], Theorem 1, that Hol(so) is a finitely generated semigroup. 
The only invertible element in HoI(sq) is the identity. Every element of HoI(sq) 
is a product of irreducible elements. The set of irreducible elements , denoted by 
Hilb(Rol(so)) (the Hilbert basis of HoI(sq )), is finite. By Brauer’s induction theorem 
of characters and by class field theory, every element of Ar is a quotient of two 
elements of Hol(s 0 ). This implies that the group generated by Hol(s 0 ) is the free 
abelian group {ft • • ■ ■ • ft \ k \,..., k r £ Z} of rank r. It follows that the number 
of elements in Hilb(Rol(so)) is at least r. The semigroup Hol(s o) is factorial if and 
only if the number of elements in Hilb(Rol(so)) is r. In j|, Theorem 2, I have 
proved a necessary and sufficient condition for the holomorphy of the L-functions 
at So : 

The following assertions are equivalent: 

i) Artin’s conjecture is true: Hol(s o) = Ar. 

ii) The number of elements in Hilb(LTol(so)) is r, and fi £ Hol(so) for every 
subset I C {1,..., r} with r — 1 elements. 

Here I prove more: 
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Theorem 1. The following assertions are equivalent: 

i) Artin’s conjecture is true: Hol(so) = Ar. 

ii) The semigroup HoI(sq) is factorial and for every k,l £ {1,... ,r}, k ^ l there 
exists f £ HoI(sq) such that fk \ f and fi \ f. 

Hi) The semigroup HoI(sq) is factorial and there exists 1 < in < r such that for 
every set M C {1,..., r} with m elements and for every j £ M there exists kj > 0 
such that 

II ./;;■• € Hol(so). 

j£M 

Proof. For a meromorphic function / we denote by ord/ the order of / at so- i)=>ii): 
If HoI(sq) = Ar then Hol(so) is factorial with the set of irreducibles {/i,..., f r }. 
For k, l £ {1,..., r}, k ^ l and / := f k we have f k \ f and ft \ f. 

ii) =4>i): If Artin’s conjecture is not true then there exists l £ {1,... ,r} such that 
ord ft < 0. The Dedekind zeta function of K has the decomposition 

CK(S) = ft 1 ■ ■ ■ ■ ' f d r T 

and is holomorphic at so, so there exists k £ {1,...,?’} such that ord f k > 0. 
For j £ {l,...,r} let nij := min{m > 0 | ord (f™fj) > 0}. The functions 
{ fk 11 A’ ■ • • if k lr fr} are holomorphic at So and are irreducible as elements of the 
multiplicative semigroup HoI(sq). By the hypothesis ii) HoI(sq) is factorial, so 
the set {ft™ 1 fi, ■ ■ ■, fk' r fr} is the set of all irreducible elements of HoI(sq). Since 
ord ft < 0 we have to; > 0. By the hypothesis ii) there exists / £ Hol(so) such that 
ft | / and fk j /■ Since / is a product of irreducible elements and is divisible by 
ft it must be divisible by f™ 1 ft, so f k \ f, a contradiction with f k \ f. So Artin’s 
conjecture is true. 

i)=Mii): If Artin’s conjecture is true then fi,--.,f r £ HoI(sq) and iii) is satisfied 
with to = 1. 

iii) =Mi): Let k, l £ {l,...,r}, k ^ l. Let M C {l,...,r} a set with m elements 
which contains k and does not contain l. By the assumption iii) for every j £ M 
there exists kj > 0 such that 

/ := n fi j € Hol ( s °y 

jeM 

It holds that fk \ f and fi \ f ■ □ 
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